We prove that the boundedness and compactness of the Toeplitz operator on the Bergman space with a BMO 1 symbol is completely determined by the boundary behaviour of its Berezin transform. This result extends the known results in the cases when the symbol is either a positive L 1 -function or an L ∞ function.
Introduction.
Toeplitz operators are one of the most widely studied classes of concrete operators. The study of their behavior on the Hardy and Bergman spaces has generated an extensive list of results in the operator theory and in the theory of function spaces. One of the latest approaches in this area is the use of the Berezin transform as a determining factor of the behaviour of the Toeplitz operator (see [1, 2, 6, 8, 10] ). This method is motivated by its connections with quantum physics and noncommutative geometry.
We start with a few of the basic definitions. For more details and references, see [3, 9] .
The Bergman space L 
If A is bounded, then A is a bounded function. Since the kernels k z converge weakly to zero as z approaches the unit circle ∂D, we have that if A is compact, then A(z) → 0 as z → ∂D. The converse (in both cases) is not necessarily true and we will mention some counterexamples later on. For f in L 1 (D), we define the Berezin transform of f to be the function T f , that is,
Our main result states that for f in the space BMO 1 (D) (to be defined later), Zheng in [1] . We will see that both of these classes of symbols are contained in BMO 1 (D) and so our result covers the above two cases.
We mention few more properties of the Berezin transform function (more details can be found in [1, 3, 9] ).
(1) The map A → A is one to one.
is real analytic on D with a power series expansion
While (1) and (2) are fairly easy to obtain, property (3) is a very deep result that was an open conjecture for a number of years, until it was proved independently by Ahern, Flores, and Rudin in 1993 and by English in 1994. For detailed references, see [3] .
There are several examples in the literature of noncompact operators with Berezin transform vanishing at the boundary (see, e.g., [1] ). We mention one of them and then give an example of an unbounded operator with a bounded Berezin transform. Both of the operators will be radial operators, that is, operators that are diagonal with respect to the standard basis {e n } of L 2 a (D), where e n (z) = √ n + 1z n (see [10] for more details on radial operators and their Berezin transform).
where m ∈ N. The operator A is unbounded on L 2 a (D). We will show that
(1.11)
Note that none of the operators in Examples 1.1 and 1.2 is a Toeplitz operator with symbol in L 1 (D) (see [10] for details).
We will define the BMO 1 (D) spaces for p ≥ 1 in Section 2 and we will describe some of the properties of the functions belonging to these spaces. The proof of our main result will be presented in Section 3.
Throughout the paper, we will use the letter c to denote a generic positive constant that can change its value at each occurrence.
BMO
and let ψ z denote the disk automorphism defined by
where · p denotes the L p (D) norm, and f is the Berezin transform of f . We We will mention another definition stemming from the traditional approach to the BMO spaces on the unit circle. This definition gives a geometric view of the BMO p (D) spaces by explicitly using the Bergman metric.
be the Bergman metric disk (also called hyperbolic disk) with center z and radius 1/2. The normalized area of
For more details, see [3, 9] .
Using properties of the Bergman metric and results from [4] , it follows that f BMO p is finite if and only if 
Details regarding (2.6) could be found in [4, 7, 9] . Since the space BMO 1 (D) is the largest among the BMO p (D) spaces for p ≥ 1, from now on we will be mainly interested in functions belonging to this class. We will also drop the reference to the unit disk and simply write BMO p instead
of BMO p (D).
The next proposition says more about the Berezin transform of BMO 1 functions. Similar properties have been proven about BMO 2 functions (see [2] ).
where we have used the change of variable ω = ψ z (v) in the third line of (2.7).
We have to show that there exists a constant c > 0 such that, for every
Békollé et al. have established in [2] that the same property for f is true in the case when f belongs to BMO 2 . We will explain the main idea of the proof and the part where our proof differs from that in [2] . For z, ω ∈ D, let α(t) denote the geodesic from z = α(0) to ω = α(1) in the Bergman metric, and let s = s(t) denote the arc length of α(t) in the Bergman metric. Since
The following inequality can be found in [3, page 48] and is a part of the above-mentioned proof in [2] that we use here:
(2.10)
and since
we get that
(2.13)
(2.14)
So, [8] we have that |f − f | is bounded if and only if |f − f | is bounded. Using part (b) and the fact that for ω in
Proof. (a) Whenever f is bounded and sup z∈D ( |f |(z) − | f (z)|) < ∞, we
have that |f | is also bounded. But, since 
As a consequence of the results in Propositions 2.1 and 2.2, we get the following corollary. 
Proof. (a) Using the fact that for every
it follows from Proposition 2.1(a) that whenever f is in BMO 1 and f is bounded, we have that |f | is also bounded. Since |f | ≥ 0, by results from [5, 8] , |f | being bounded implies that T |f | is bounded. Then it is not hard to see that T f has to be bounded too.
Then the rest follows from Proposition 2.1(c) and (d). (c) For f ≥ 0, we have |f |(z) = | f |(z) = f (z).
In case f is bounded, using Proposition 2.2(a), we get that f belongs to BMO 1 .
(d) It follows directly from Proposition 2.2(b).

Proof of the main theorem.
Our main theorem (Theorem 3.1) expands the class of functions f for which it is known that f (z) → 0, as z → ∂D implies that T f is compact. It includes L ∞ functions and positive L 1 functions with bounded Berezin transform, and so the theorem is an extension of the results of Axler and Zheng (see [1] ) and Luecking and Zhu (see [5, 8] ).
Before we proceed with the proof, we state two lemmas that contain some of the more technical parts used in the proof. 
(D). Then for every z in D, the following is true:
(
Proof. (a) We have the following equalities:
where we have used the change of variable ω = ψ z (v) , and the fact that
Using the equations
(which can be checked directly from the definitions of the functions involved), we get that 4) by the change of the variable ω = ψ z (u) . Using the fact that 5) we can continue with the following equations: Furthermore,
(where we have used that
. Thus, f being bounded implies that f • ψ z is bounded independently of z. By Corollary 2.3(a), it follows that for f in BMO 1 and f being 
is bounded in z.
Proof. Let t = −2pε/(p − 1) and let
By [9, Lemma 4.2.2], since t > −1 and c < 0, we get that the integral is bounded in z.
The proof of the theorem will be done in several steps. The steps follow the standard idea of finding a sequence of compact operators that converges to the given operator. To establish the convergence, we will use the Schur's test. The same approach has also been implemented in [1, 6] . The core of our extension is contained in the first step of the proof.
Proof of Theorem 3.1
Step 1. Let f ∈ BMO 1 and let f be bounded. Then 
(3.12)
It has been proven by Li and Luecking in [4] that the Bergman projection P is a bounded operator from BMO 1 into B, for all p ≥ 1. Since, for f in BMO 1 we
(3.13)
So, for f in BMO 1 and f being bounded, we get that
(3.14)
Step 2. Let T f be bounded on L 
(D).
We mention that, since the specific nature of the Toeplitz operator is not used in the proof, a more general statement is true.
Let A be a bounded operator on L 
Step
Proof of
Step 3. The method of the proof is similar to a part of the proof in [1] . For the sake of completeness, we provide the details.
By Step 2, T f •ψz 1 → 0 weakly and so it converges uniformly to zero on compact subsets of D, such as r D, for 0 ≤ r < 1. Since
we also need to estimate the first integral of the last line. We will do that by using the Cauchy-Schwartz inequality and the result of Step 1:
We can make the integral over D \ r D as small as we wish, independently of
We will show that the Schur's test works with constants
We have that (3.23) which by Lemma 3.2(a) equals
By the change of variable ψ z (u) = v and by Hölder's inequality with p as above, we get that
To get the last equality, we have used the equation
Using it one more time and then applying Lemma 3.3 in the last inequality, we get that 
